Let K be a compact Hausdorff space and let (f n ) n∈N be a pairwise disjoint sequence of continuous functions from K into [0, 1]. We say that a compact space L adds supremum of (f n ) n∈N in K if there exists a continuous surjection π : L −→ K such that there exists sup{f n • π : n ∈ N} in C(L). Moreover, we expect that L preserves suprema of disjoint continuous functions which already existed in C(K). Namely, if sup{g n : n ∈ N} exists in C(K), we must have
(3) For any metrizable compactum K there exists a disconnected L which is obtained from K by finitely many extensions by continuous functions.
Introduction
In [4] , Koszmider constructed a totally disconnected compact Hausdorff space K such that every operator on C(K) is a multiplication by continuous function plus a weakly compact operator. The space K was obtained as a Stone space of a Boolean algebra constructed by transfinite induction, where each A α+1 is the Boolean algebra generated by A α and the supremum of an antichain in A α . In the limit step is taken the union. The same paper also proved the existence of an indecomposable C(K). The construction is similar to the previous one, except that K must be connected. Hence, K cannot be the Stone space of an Boolean algebra. The key of the construction of K was to replace the supremum of elements of the Boolean algebra -which corresponds, in its Stone space, to the supremum of the characteristic functions of those elements -by the supremum of disjoint continuous functions. At this point, Koszmider developed a new technique which is the subject of this paper.
Before introducing the particular construction of Koszmider, we present an overview of the problem. Let K be a compact Hausdorff space. Define C(K) the Banach space of all continuous real functions on K, normed by the supremum, and C 1 (K) the set of all continuous functions from K into [0, 1]. We say that f, g ∈ C(K) are disjoint if f · g = 0.
Let (f n ) n∈N be a pairwise disjoint sequence in C 1 (K). Let L be another compact Hausdorff space and π a continuous surjection from L to K. We say that (L, π) adds the supremum of (f n ) n∈N if sup{f n •π : n ∈ N} exists in C(L). Moreover, we say that (L, π) preserves suprema if sup{g n • π : n ∈ N} exists in C(L), whenever (g n ) n∈N is a pairwise disjoint sequence in C 1 (K) which has supremum in C(K). Now we will see how it works in the case of Boolean algebras. Let A be a Boolean algebra and (a n ) n∈N a pairwise disjoint sequence in A. Let b be the supremum of (a n ) n∈N in the completation of A. Take B the algebra generated by A ∪ {b}.
Let S(A) and S(B) be the Stone spaces of A and B, respectively. Let π be the standard projection from S(B) onto S(A), given by π(u) = u ∩ A, whenever u is an ultrafilter in B.
For any a ∈ B, we denote by [a] B the clopen set of S(B) consisting of all ultrafilters on B which contain a. If a ∈ A, the notation [a] A means the set of all ultrafilters on A which contain a. It is easy to see that
In C(S(B)) take χ [b] B the characteristic function of [b] B , which is continuous by the fact that [b] B is a clopen set. Since b is the supremum of (a n ) n∈N , χ [b] B is clearly the supremum of {χ [an] B : n ∈ N}. For each n ∈ N we have (S(B) ). Hence, S(B) preserves suprema of functions of this kind, i.e., which are characteristic functions of basic clopen sets. For the general case, it follows from Lemma 4.1 of [4] that (C (S(B) ), π) preserves suprema.
Adding suprema of elements of a Boolean algebra is much easier than adding suprema in C(K). Therefore, the best approach to add suprema in C(K) for K totally disconnected is via Boolean algebras. If K is connected, Koszmider, in [4] , introduced the definition of extension by continuous functions (see definition 2.3) to obtain a compactum L ⊂ K × [0, 1] which adds supremum of a given pairwise disjoint sequence in (f n ) n∈N in C 1 (K). The function π is the standard projection on K. We use the notation
Extensions by continuous functions were applied in several counterexamples in the theory of Banach spaces of the form C(K), as it is shown in [4] , [2] and [3] . Alternative ways of adding suprema in connected spaces were developed in [9] -using Wallman representation, which generalizes the Stone representation for connected lattices -and [6] -using ranges of Stone spaces of Boolean algebras.
The main difficulty in the constructions that use extensions by continuous functions is to assure connectedness. For this, we need, eventually, to go to a subsequence (as in [4] ) or to modify the functions (as in [3] ).
Along this paper, we will frequently work with metrizable, connected and compact spaces. Then, it is convenient to use the terminology below: Definition 1.1. A topological space K is called continuum if it is metrizable, compact and connected.
The first aim of this paper is investigate the following question:
In Theorem 4.1 we construct a continuum K and functions (f n ) n∈N such that 
We could try the property P as being locally connectedness. In fact, Theorem 3.1 proves that any extension of a metrizable locally connected K is connected. But the extension may be not locally connected. Problem 1.3 is also answered negatively. Theorem 4.4 proves that, starting from any metrizable continuum K 0 , there exists a sequence (K i ) 0≤i≤3 of compact Hausdorff spaces such that each K i is an extension of K i−1 by continuous functions and K 3 is disconnected.
Assuming the Continuum Hypothesis, problems 1.2 and 1.3 can be solved indirectly (with the additional condition that P is preserved in inverse limits, in Problem 1.3) using the construction in [4] and a theorem which can be found in [8] . If one of these problems had affirmative answer we could construct, as in [4] , a compact connected Hausdorff space such that every disjoint sequence in C 1 (K) has supremum. By [8] it implies that K is quasi-Stonean 3 and therefore disconnected. Nevertheless, we present visual examples which show how connectedness is lost in successive extensions.
Although the main theorem of this paper may has no direct application to the theory of Banach spaces with few operators, it is important to the field, since it disproves a conjecture which would simplify several constructions.
All topological spaces in this paper are Hausdorff.
Extensions by continuous functions
In this section we state the main definitions and lemmas about extensions by continuous functions, based on [4] . If f is a real function on a compact K, we denote by supp(f ) the closure of {x ∈ K : f (x) = 0} in K.
Definition 2.1. Let K be a compact space and let (f n ) n∈N be a pairwise disjoint sequence in C 1 (K). We define
Lemma 2.2 ([4], 4.1).
Let K be a compact space and let (f n ) n∈N be a pairwise disjoint sequence in C 1 (K). Then:
and (f n ) n∈N is a pairwise disjoint sequence of continuous functions from K into [0, 1]. We say that L is an extension of K by (f n ) n∈N , which we will denote by
Moreover, we say that L is a strong extension if it contains the graph of Σ n∈N f n .
Lemma 2.4 ([4], 4.3 and 4.4). Let
Then (L, π) adds the supremum of (f n ) n∈N and preserves suprema. Moreover, if L is a strong extension and K is connected, then L is connected.
In [4] it is proven that the projection π preserves nowhere dense sets, i.e.,
is nowhere dense in L, wherever M is nowhere dense in K. Hence, preservation of suprema follows from lemma 2.2.
The supremum of (f n • π) n∈N in L is the projection in the second coordinate, i.e., the function f defined as
Next lemma is a simplified version of lemma 4.5 of [4] . It shows that the extension is strong for many subsequences of (f n ) n∈N .
In [3] , lemmas 3.6 and 3.8 provide another way of obtaining connectedness in the extension by modifying slightly the functions f n . Lemma 2.6 ([3], 3.6 and 3.8). Let K be a continuum. Suppose that (ε n ) n∈N is a sequence of positive real numbers, (f n ) n∈N is a pairwise disjoint sequence in C 1 (K), (µ n ) n∈N is a sequence of regular measures on K and (x n ) n∈N is a sequence of points in K such that f n (x n ) = 1. Then there exists a sequence
In spite of all this effort to ensure connectedness in the extension, none of the mentioned papers proves that extensions do not preserve connectedness, in general. That is the aim of Section 4.
3 Connectedness of some extensions by continuous functions
We recall that a space is said locally connected if it contains a basis of connected open sets. Proof. Let K be as in the hypothesis and let (f n ) n∈N be a pairwise disjoint sequence in
We will prove that L is a strong extension and, for this, it is enough to show that (x, 0) ∈ L, for every
Since L is metrizable and compact, we will prove that (x, 0) ∈ L constructing a sequence (x n , r n ) in L converging to (x, 0). Let (V n ) n∈N be a local basis for x, where each V n is an open connected set. Fix n ∈ N. By definition 2.1 there exists k n ∈ N such that V n ∩supp(f kn ) = ∅. Hence, there exists y n ∈ V n such that f kn (y n ) > 0. Since V n is connected and f kn is continuous, there exists x n ∈ V n such that 0 < f kn (x n ) < 1 n . Take r n = f kn (x n ). Clearly we have x n ∈ D((f n ) n∈N ) and Σ i∈N f i (x n ) = r n . Therefore, (x n , r n ) ∈ L. Clearly (x n , r n ) → (x, 0), concluding the theorem.
Disconnected extensions of continua
Theorem 4.1. There exist a continuum K and a pairwise disjoint sequence
Note that g n ( 1, 2] ). Since both are connected, we conclude that K is connected.
Using the continuity of g n , it is easy to verify that each f n is continuous. The sequence (f n ) n∈N is clearly pairwise disjoint.
Let L = K((f n ) n∈N ). We note that
since it is itself an open set of K which intersects none of the supports of f n . Therefore, {0} × (1, 2] × {0} ⊂ L and, since L is closed, we have
To conclude the theorem it is sufficient to prove that this set is open in L.
We may assume that z n ∈ Graph(Σ n∈N f n |D((f n ) n∈N )), since it is dense in L.
Note that, if (0, t) ∈ K, for 0 < t ≤ 1, any open neighborhood of (0, t) intersects all but finitely many supp(f n ). This follows from the fact that each g n is surjective on [0, 1], and the supports of g n converge to 0.
Hence, we have (
Let z n = (x n , y n , t n ) and z = (x ′ , y ′ , t ′ ). Suppose that z ∈ {0}×[1, 2]×{0}. I.e., z = (0, y ′ , 0), where 1 ≤ y ′ ≤ 2. Going to a subsequence, we may assume that y n > 1 2 , for all n. By the above remark, we may assume that x n > 0, for all n. But it is easy to verify that this implies that
for some k n ∈ N. So, for all n ∈ N,
Therefore, t n = y n , for all n. But y n > 1 2 , contradicting that (x n , y n , t n ) converges to (0, y ′ , 0). 
For each n ∈ N we will prove continuity of f n . Let (x i , t i ) i∈N be a sequence converging to (x, t) in K. We need to prove that f n (x i , t i ) converges to f n (x, t).
If x ∈ [b n , a n+1 ), we have x ∈ supp(g n )∩D((g i ) i∈N ) and, hence, t = g n (x). By continuity of g n we have f n (x i , t i ) = (x i , g n (x i ), 1 − g n (x i )) converging to f n (x, t) = (x, g n (x), 1 − g n (x)).
Analogously, if x ∈ (a n+1 , b n+1 ] we have t = g n+1 (x) and f n (x i , t i ) converges to f n (x, t).
If x = a n+1 , both g n (x i ) and g n+1 (x i ) converge to 0, for i ∈ N. So f n (x i , t i ) converges to 1 = f n (x, t).
If x ≤ b n or x ≥ b n+1 it is easy to verify that f n (x i , t i ) converges to 0, which is equal to f n (x, t).
Let L be the extension of K by (f n ) n∈N . We will prove that L is disconnected. For this, we have to show that [
The proof is analogous to Theorem 4.1. Let z n = (x n , y n , t n ) be a sequence in L [−1, 0] × {0} × {0} converging to z = (x, y, t) ∈ L. We have to prove that z / ∈ L. We may assume that z n ∈ Graph(Σ n∈N f n |D ((f n ) n∈N ) ), since it is dense in L. In particular, (x n , y n ) ∈ D((f n ) n∈N ).
We notice that {0} × (0, 1) is included in K, but it is disjoint from D((f n ) n∈N ). So we may assume that x n = 0, for all n. We note that
So we also may assume that x n > 0, for all n.
Suppose z ∈ [−1, 0] × {0} × {0}. In particular, z = (x, 0, 0), for some x. We may assume that y n < 1 2 , for all n. Since x n > 0, there exists i such that
which contradicts that t n converges to 0.
Before we state our main theorem, we need the following lemma:
Lemma 4.3. Let K be a compactum and let (f n ) n∈N be a pairwise disjoint sequence in
Then we conclude that
This is sufficient to prove the lemma, since we have the following equalities: Proof. Using metrizability of K 0 , fix (x n ) n∈N a convergent sequence in K 0 and letx be its limit. Let (U n ) n∈N be a pairwise disjoint sequence of open sets such thatx n ∈ U n and diam(U n ) ≤ 1 n (i.e., for a fixed metric d on K 0 , we have d(x, y) ≤ 1 n , for all x, y ∈ U n ). Using Urysohn's Lemma and normality, we find, for each n, a function e n : K 0 −→ [0, 1] whose support is included in U n and such that e n (x n ) = 1. By connectedness of . Replace e n by h • e n . Repeat the process for every n ∈ N.
To prove the claim we note that for every open neighborhood U ofx, there exists a finite F ⊂ N such that U n ⊂ U, for every n ∈ N F . Since supp(e n ) ⊂ U n and it is non-empty, we havex ∈ K 0 D((e n ) n∈N ). On the other hand, if x =x, by Hausdorff there exist disjoint open sets V and U such that x ∈ V andx ∈ U. We have U n ⊂ U for all but finitely many n ∈ N, concluding that x ∈ D((e n ) n∈N ) and proving the claim.
Let t ∈ [0, 1]. Using that every e n is surjective on [0, 1], take y n ∈ U n such that e n (y n ) = t. Clearly, (y n ) n∈N converges tox and every pair (y n , t n ) belongs to the graph of Σ n∈N e n |D((e n ) n∈N ), which is included in K 1 . Hence, by compactness of K 1 , we have (x, t) ∈ K 1 , proving the claim.
Let (a n ) n∈N and (b n ) n∈N be sequences in [0, 1] both converging to 1 2 such that a n+1 < b n < a n < 1, for every n ∈ N. Definef n : [0, 1] −→ [0, 1] with support included in [a n+1 , a n ] and such thatf n (b n ) = 1. Suppose also that f n is monotone in each interval [a n+1 , b n ] and [b n , a n ], as in the definition of g n in the proof of 4.1.
Let f n (x, t) =f n (t), for all (
The claim follows from the fact that
}. If we take t = 1 2 and V an open neighborhood of t which intersects supp(f n ) for finitely many n's, the set (K 0 ×V )∩K 1 intersects supp(f n ) for finitely many n's, since f n (x, t) =f n (t).
Claim 5. Every g n is well defined and continuous, and (g n ) n∈N is pairwise disjoint.
Continuity and disjointness follow immediately from the definition, since the projection is continuous. To prove that the functions are well defined, we have to show that (y, z) ∈ K ′ , wherever (x, y, z) ∈ K 2 . If y = , it follows from claim 4 that z = f n (x, y) and, therefore, z =f n (y). So we have (y, z) ∈ K ′ . If y = L totally disconnected. Preservation of connectedness in such construction is essential, and requires some additional properties on the extensions, as the definition of strong extensions. We show in this paper that such kind of requirement is necessary, since preservation of connectedness may fail. Theorem 3.1 proves that extensions preserve connectedness when K is locally connected. In particular, a single extension of the interval [0, 1] must be connected. Nevertheless, the extension usually loses the property of locally connectedness.
Theorem 4.1 provides a three-dimensional visual example which shows the failure of preservation of connectedness. Theorem 4.2 shows how this example can be adapted as a double extension of the interval [0, 1]. Finally, theorem 4.4 adapts the proof to higher dimensions, proving that from any metrizable connected compactum we can get a disconnected space after three successive extensions.
We may rephrase theorem 4.4 as the following: there is not a non-empty class C of continua such that, whenever K ∈ C and L is an extension of K by continuous functions, then L ∈ C.
One further question to be investigated is: what happens if we take off the hypothesis of metrizability? Is there a non-empty class C of connected compacta which is closed by taking extensions by continuous functions? Although this question is interesting itself, even a positive answer to it probably would not help in constructions of C(K), since most of these constructions use induction which starts with a metrizable compactum.
Furtherer, we may still looking for others conditions on K and (f n ) n∈N that imply the preservation of connectedness, and how this impacts on the theory of Banach spaces of the form C(K). We also may look for others ways of adding suprema of continuous functions on connected spaces -as the one made in [6] -and its applications in functional analysis.
